Abstract. The methods of arbitrarily high orders of accuracy for the solution of an abstract ordinary differential equation are studied. The right-hand side of the differential equation under investigation contains an unbounded operator which is an infinitesimal generator of a strongly continuous semigroup of operators. Necessary and sufficient conditions are found for a rational function to approximate the given semigroup with high accuracy.
Preliminaries
In this paper we will deal with approximations of the solution to an abstract differential equation of the form (1.1) u (t) = Au(t), t ∈ (0, T )
with the initial condition (1.2) u(0) = η.
The values of the unknown function u(t) lie in a (complex) Banach space X and A is a closed linear operator with domain which is dense in X . For the reader's convenience we recall some special results from the functional analysis in this section, namely, some theorems concerning abstract functions of a real variable, the operator calculus for unbounded operators, and the theory of semigroups of operators. We will not prove them, the details may be found in many textbooks on functional analysis, e.g., in [1] , [3] , [4] and [6] .
ϕ(h) also exists, and the function ϕ(h) defined by its limit as h tends to zero has the right derivative at h = 0 equal to lim h→0 ϕ (h). Theorem 1.2. Let ϕ(h) have the nth derivative at h = 0. Then
Further, let us recall some concepts of the operator calculus for unbounded operators. By the operator calculus we mean the technique which enables us to define functions of operators. Thus, let X be a Banach space and A a closed operator mapping the subspace D ⊆ X into X , and let D be dense in X . The set r(A) of such complex λ that the operator R(λ, A) = (λI − A) −1 exists, is bounded and defined on the whole space X , is called the resolvent set. The operator R(λ, A) is called the resolvent of A and the complement of the set r(A) is called the spectrum of the operator A and is denoted by σ(A).
The symbol F(A) will denote the family of all functions f of a complex variable which are regular in a neighbourhood of the spectrum and at infinity. This neighbourhood need not be connected and may depend on the individual f . Let V be an open set containing the spectrum σ(A) of A, let the boundary Γ of V consist of a finite number of rectifiable Jordan curves, and let f be regular on V ∪ Γ. Further, let Γ be positive orientated with respect to V . Then the function f (A) of the operator A is defined by
This formula defines a bounded operator the properties of which are summarized in the following theorem.
